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Influence of anisotropy on the dispersion characteristics of guided 
ultrasonic plate modes 
Yan Li and R. Bruce Thompson 
Ames Laboratory and Department of Engineering Science and Mechanics, Iowa State University, Ames, Iowa 
50011 
( Received 13 March 1989; accepted for publication 4 January 1990) 
Dispersion curves are developed for elastic wave propagation in an anisotropic plate of 
monoclinic or higher symmetry. Emphasis is placed on analytic expressions for various 
features. Generalizations of the isotropic Rayleigh-Lamb dispersion relations are derived for 
the cases of (a) propagation along a material symmetry axis and (b) propagation in a general 
direction. Examination of the high-frequency limit of the lowest symmetric and antisymmetric 
mode dispersion curves yields expressions for the half-space surface or Rayleigh wave velocity. 
It is shown that the dispersion curves for these modes can exhibit multiple crossings in 
approaching this limit, and an analytic solution is presented for the constant crossing interval 
that occurs for propagation along symmetry directions. The analytic results are illustrated by 
extensive numerical calculations for a variety of degrees of anisotropy with emphasis placed on 
the relationship between the slowness curves governing partial wave propagation and various 
features of the dispersion curves. 
PACS numbers: 43.20. Hq, 43.20.Mv, 43.35.Cg 
INTRODUCTION 
In recent years, interest in elastic wave propagation in 
anisotropic media has been growing rapidly. Historically, 
most of the work has been concerned with plane waves in 
unbounded media1; relatively little attention has been given 
to elastic wave propagation in anisotropic plates. This is an 
important gap, for in the study of polycrystalline metals or 
composite materials, plate structures with various degrees of 
macroscopic anisotropy are often encountered. Understand- 
ing of wave propagation becomes very critical in the nondes- 
tructive evaluation of these plates or in the analysis of their 
dynamic vibrations. Similar problems are found to have rel- 
evance in seismology. This paper is intended to explore in 
detail a number of features of elastic wave propagation in 
anisotropic plates that are substantially different from the 
corresponding behavior in isotropic plates. Primary empha- 
sis is placed on the case of plates with macroscopic orthotro- 
pic symmetry, although other cases are also considered. Ex- 
tensive use is made of both the development of analytic 
formulae for special cases and the use of numerical examples 
to illustrate the richness of behavior possible. 
Although investigations of wave propagation in free iso- 
tropic plates were first reported in 1917 2 and followed by 
extensive investigations, 3-5the pioneering work on propaga- 
tion of elastic waves in free anisotropic plates was conducted 
and published more than 50 years later by Solie and Auld. a 
In their paper, a general formalism was derived for comput- 
ing dispersion relations for plates of arbitrary symmetry. Us- 
ing an interactive program, which carried out all the compu- 
tational steps numerically, dispersion curves were computed 
for wave propagation in a (001 ) cut cubic Cu plate at angles 
of 0, 5, 30, 40, and 45 deg from the [ 100] direction. These 
dispersion curves demonstrated the great differences be- 
tween the anisotropic and isotropic cases. Many of the fea- 
tures were interpreted in terms of the dispersion that would 
be exhibited by uncoupled $V and L modes, a concept hat 
had first been introduced by Mindlin for the isotropic ase. 7
The uncoupled mode behavior was found in turn to be 
strongly influenced by the slowness curves for plane waves 
propagating in unbounded media. Other observations of So- 
lie and Auld included the coupling of SH waves with quasi-L 
and quasi-SV waves for mode propagation in nonsymmetry 
directions. For mode propagation along symmetry axes, it 
was observed that a solution consisting of disturbances 
bound to the two surfaces of the plate existed as the high- 
frequency asymptotic limit of the lowest symmetric So and 
antisymmetric Ao modes. The wave speed in this limit could 
be either less (Rayleigh wave) or greater (pseudosurface 
wave) than that of an $H wave propagating in the same 
direction' the latter being a case explored in detail by Lim 
and Farnell 8 in their study of acoustic surface waves. Solie 
and Auld also noted the oscillatory fashion in which the So 
and Ao modes approached this limit in certain cases, in con- 
trast to their monotonically decreasing separation in the iso- 
tropic case. The oscillations were attributed to the concavity 
of the quasishear slowness curves in the direction of propa- 
gation. New results presented in this paper show other possi- 
ble causes that produce similar phenomena. 
In the last few years, an increased interest has developed 
in the problem of guided wave propagation in anisotropic 
plates. Kosevich and Syrkin derived analytical dispersion 
relations for hexagonal plates of special orientations and 
studied some particular features of these dispersion curves. 9 
Markus et al. analyzed wave propagation in an orthotropic 
plate with concentration on wave propagation in symmetry 
directions. iøThey also noticed that So and Ao dispersion 
curves sometimes approach their asymptotic limit in an os- 
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ciliatory manner. A spectrum of related works has also been 
reported in the literature. ll-18 At a recent conference, Nay- 
feh and Chimenti 19 presented studies of wave propagation i
anisotropic plates with monoclinic symmetry, including an- 
alytical expressions for dispersion equations. At the same 
time, the present authors 2ø presented dispersion relations for 
orthotropic plates. The computations differed in detail (co- 
ordinate system either transformed to the propagation direc- 
/tion or aligned with material symmetry axes) and motiva- 
tion (characterization of composites as opposed to textured 
metal polycrystals), but as would be expected, equivalent 
expressions for the dispersion curves were obtained. 
In this paper, we report in detail and expand on our 
results, 2ø including their extension to monoclinic symmetry 
as motivated by the work of Nayfeh and Chimenti •9 (Sec. I). 
In addition to the dispersion equations, analytical expres- 
sions are presented for the associated features of the oscilla- 
tions of the So and A 0 modes. These analytical results are 
supported by detailed numerical studies of the dispersion 
curves of several materials having different degrees ofanisot- 
ropy (Sec. II). To provide physical motivation, these have 
been chosen to correspond to copper polycrystals with dif- 
ferent degrees of preferred grain orientation. Following the 
observations of Solie and Auld, a extensive use is made of 
plane wave slowness urfaces to interpret the data. The pa- 
per concludes with a short summary of the results (Sec. III). 
I. METHOD OF SOLUTION 
The most frequently used method for analysis of wave 
propagation in an anisotropic medium is based on the "su- 
perposition of partial waves," wherein the final displace- 
ment solution is obtained through summation of plane wave 
solutions having common sinusoidal variations in the direc- 
tion of propagation. The procedure for this method, which 
has been used in much of the prior work cited in the Intro- 
duction, is outlined in the remainder of this section. The 
detailed mathematics of equation derivations can be found in 
Appendix A. 
Consider a homogeneous free plate possessing a symme- 
try plane that is parallel to its surfaces. In other words, the 
material is assumed to have at least monoclinic symmetry 
with the symmetry plane lying in the plane of the plate. If the 
plate normal direction is labeled as x3 and a Cartesian coor- 
dinate system is chosen as shown in Fig. 1, then the wave 
displacement field must satisfy the governing equations for 
3 
0 •X! 
FIG. 1. Coordinates of plate. 
an elastic, homogeneous, anisotropic, and nonpiezoelectric 
medium: 
piii = Ci•,t u•,•.i ( id, k,l = 1,2,3 ), ( 1 ) 
provided that body forces are negligible. In Eqs. (1), Co.•, 1 
are the elastic constants, u i are the components of the parti- 
cle displacement vector, and p is the material density. The 
usual summation over all repeated indices is implied. 
For a harmonic disturbance of frequency co, the dis- 
placement field for a plane wave solution with no attenu- 
ation is of the form 
• = Un• exp [i(cot -- klx l ) ], (2) 
for wave propagation i an arbitrary direction. In Eq. (2), • 
is a unit vector along the '•" axis, nj•j is the particle displace- 
ment vector (not necessarily a unit vector), k is the wave 
propagation vector, Uis the displacement amplitude, and nj 
is the direction cosine of the displacement when nfij is a unit 
vector. 
A. Mode propagation in an arbitrary direction 
Substituting Eq. (2) into Eqs. (1) and employing the 
abbreviated notation for elastic constants leads to the Chris- 
toffel equations, 
11 A2 A13 l[nl} •2 A22 A23! n2 =0, (3) 3 23 33.] rt3 
where Ao are functions of kl, k2, and k 3 and to given in Ap- 
pendix A. The solutions for plate modes may then be ex- 
pressed as the superposition of all partial plane wave solu- 
tions of Eqs. (3) sharing common values of to, k•, and k2. 
One may view the possible values of •3 as the eigenvalues of 
Eqs. (3), which may be obtained by setting the determinant 
of the coefficient matrix to be zero. The resulting algebraic 
equation for k 3 2is of cubic form in terms of k •, k 2 , and co 2. 
It is this very character that makes analytical expressions 
presented later possible. This is in general not true for tri- 
clinic materials that do not have any symmetric planes. Let 
us define the roots for k 3 as q-x/•, q-xf•2, and q-xf•33 for 
later reference. The eigenvalues for Eqs. (3) can then be 
obtained in terms of these roots. The eigenvectors are partial 
wave displacement vectors, and for each eigenvalue of k 3, 
there exists one eigenvector that is uniquely determined to 
within a scalar multiplier. 
For wave propagation in a free plate, the wave displace- 
ment field must satisfy the stress-free boundary conditions, 
i.e., 
o'13: 0.23: 0.33 • 0, at x3 = q- b/2, (4) 
where b is the thickness of the plate. 
From Hooke's law, the total stress field can be expressed 
in terms of the partial wave displacement amplitude Up, 
œ = 1-6, which are scalar multipliers for the eigenvectors of 
the partial waves. Forcing the total stress field to satisfy Eq. 
(4) leads to six linear equations with a 6 X 6 coefficient ma- 
trix for Up. 
For nontrivial solutions, the determinant of the coeffi- 
cient matrix for Up must vanish. Because the plate material 
possesses a symmetry plane normal to the x3 direction, the 
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solutions can always be separated into symmetric and anti- 
symmetric types. By setting U1 = d- U2, U3 = d- U4, and 
U5 = d- U6 as needed to achieve these symmetries, the six 
linear equations for Up can be reduced to a pair of three 
equations in U1, U3, and Us. The condition for a nontrivial 
solution is then that the determinant of the coefficient matrix 
of the vector (U1, U3, Us)' vanishes. This leads to analytical 
generalization of the Rayleigh-Lamb dispersion equations 
for the anisotropic case: 
P1 tan d- P2 tan 
+ P3 tan =0, (5) 
where P• = P(R•,R2, R3),P 2 = P(R2, R3, R•),P 3 • P (R3, 
R•, R2) and R• = r•(b/•)2. The detailed definition of the 
function P is provided in Eq. (A6) of Appendix A. 
Because of the existence of discontinuities in tangent 
functions, •s. (5) are not ideal for computation. To avoid 
these discontinuities in computations, it is advantageous to 
use the following expressions: 
(antisymmetric) (6) 
Pl ClS2S3 _Jr_ P2C2S3S1 ql_ P3C3SIS2: O, 
(symmetric) (7) 
where Si -- sin [x/• (•r/2) ] and Ci -- cos [ x/• (•r/2) ]. 
Once a root to Eq. (6) or (7) is found, the stress fields 
and displacement fields can be computed easily. Note that 
Eqs. (6) and (7) are either real or purely imaginary equa- 
tions. They are continuous except at a few isolated singular- 
ity points. 
B. •ode propaõation in a syrnrnetr• direction 
when the plate possesses additional symmetry, e.g., 
orthotropic, cubic, or transversely isotropic, one can take 
advantage of some simplifications in the definitions of the A i• 
in Eqs. (3) due to the vanishing or interrelationship of some 
of the elastic constants. Moreover, when the wave propa- 
gates in a direction coinciding with a symmetry plane, 
further simplifications occur that deserve some special at- 
tention. In particular, partial waves whose polarizations lie 
in the plane containing the propagation direction and the 
plate normal (sagittal plane) become decoupled from the 
orthogonally polarized SH (horizontally polarized shear) 
waves. For small anisotropy, the partial waves polarized in 
the sagittal plane can be identified as quasi-L and quasi-SV 
(vertically polarized shear) waves. 
Although the analysis procedure is the same as outlined 
in the previous ection, the final dispersion equations are in 
similar but simpler forms. Suppose the plate has at least 
orthotropic symmetry, and that Xl-X3 and x2-x3 are the ad- 
ditional two symmetry planes. Then when propagating in 
the X l or x2 direction, SH modes are decoupled from Ray- 
leigh-Lamb modes, the latter being polarized in the sagittal 
plane. 
There are two extra symmetry axes for cubic symmetric 
materials. In these situations, it will be advantageous to 
make elastic constant transformation first, then use equa- 
tions presented in this section rather than those developed in 
the previous section. These results will not be explicitly pre- 
sented in this paper. 
Let d- •l correspond to the eigenvalues for$H waves. 
Then, the dispersion equations for Rayleigh-Lamb waves 
are 
Q1 [tan(4R• (•r/2)) ] ___a  •2 [ tan(x/R 3 (/1'/2 )) ] _+l __-- 0 
( d- for antisymmetric solutions and -- for symmetric 
solutions), (8) 
where Q• = Q(R2, R3), Q2 = Q(R3,R2), and the function Q 
is defined at the end of Appendix A. The associated compu- 
tational forms are 
QiS2C 3 -- Q2S3C2 • 0, (antisymmetric) (9) 
QiC2S3 -- Q2C3S2 = 0, (symmetric) (10) 
where Si and Ci are defined in the previous section. Equa- 
tion (8) can be further expressed as 
tan[x/R2 (•r/2)] _ (Q•_32) ---I (-Jr- antisymmetric] . tan [x/R3 (•r/2) ] -- -- symmetric /' 
(11) 
This form resembles, and for an isotropic medium reduces 
to, the well-known Rayleigh-Lamb wave dispersion equa- 
tions. 
C. Surface wave determination 
The numerical studies that follow in Sec. II illustrate a 
number of interesting similarities and differences in the iso- 
tropic and anisotropic cases. Two of these have led to addi- 
tional analytical studies. Appendix B considers in detail so- 
lutions that are bound near surfaces in the limit b-, •e. As 
noted by Solie and Auld, 6 these must be closely related to the 
surface waves tudied by Lim and Farnell. 8 The general con- 
clusion is an analytic expression for the surface wave veloc- 
ity: P1 d- P2 • P3 = 0, where the rule for the selection of the 
-E-_ sign is given in Appendix B. For propagation along a 
symmetry direction, a simple expression for the Rayleigh 
wave velocity or the pseudo-surface wave velocity can also 
be obtained that is equivalent to the result from Royer and 
Dieulesaint. 16 
D. Crossing of So and Ao modes for propagation in 
symmetry directions 
In the isotropic case, the lowest-order symmetric and 
antisymmetric Lamb wave dispersion curves asymptotically 
approach one another in the high-frequency limit, with the 
slope being the Rayleigh wave velocity. In anisotropic me- 
dia, the modes may exhibit multiple crossings as they ap- 
proach the surface wave limit. Appendix C shows that when 
the Rayleigh wave solution occurs under the conditions for 
which R2 and R 3 are complex conjugates, the So and .40 
modes will have multiple crossings with the velocity of cross- 
ing points being the Rayleigh wave velocity. Also proved in 
Appendix C is that the spacing of these crossings is a con- 
stant, with the crossings occurring at k=n(•r/b) 
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X x/g(Z), n = 1,2 .... ,where g(Z) is defined inEq. (C6). 
II. NUMERICAL RESULTS 
The equations of Sec. I have been used to numerically 
study a number of the features of the dispersion curves of 
anisotropic, free plates. As a basis of comparison, the well- 
known behavior of guided modes in an isotropic medium is 
briefly reviewed. Throughout this section, the disperion 
curve plots will be given in terms of the dimensionless wave 
vector, (b/fr)k, and frequency co(b/fr)x/13/Ca6. Here k is 
defined to be the magnitude of the in-plane wave vector, 
k = x/k ] + k ]; the slowness curve plots will be given in di- 
mensionless lownesses (k/co)x/Caa/P and (k3/co)x/Caa/P. 
In all plots, VR, Vsw, and V•,sw stand for Rayleigh wave, 
surface wave, and pseudosurface wave velocities, respective- 
ly. Here, VR and V•,sw are used to describe propagation in 
symmetry directions with the term pseudosurface wave used 
to denote the case in which the velocity is greater than that of 
the lowest SH mode. Here, also, Vsw is used to describe 
propagation in nonsymmetry directions. 
A. Isotropic plates 
Figure 2(a) presents the dispersion curves for an iso- 
tropic polycrystalline plate of copper, characterized by elas- 
tic constants given in Table I. The SH partial waves, which 
are decoupled from the $V and L partial waves because of 
the isotropy, combine to form $H guided modes. The $Vand 
L partial waves, which are coupled, combine to form Lamb 
guided modes. The $H and Lamb modes can be further sub- 
divided into symmetric and antisymmetric modes, depend- 
ing on the symmetry of the displacement field with respect to 
the mid-plane of the plate. In this paper, the Lamb modes 
will be identified as follows: So,S•,... for the symmetric 
modes and Ao, A • .... for the antisymmetric modes. The enu- 
meration starts with the lowest co for a fixed k. The $H 
(a) 
2.0 
-•-•-•/C 66/p 
1.5 
0 1 2 3 4 5 b_. k 6 
(b) 
1.0 
0.5 
0.0 
0.0 
REAL IMAGINARY 
BOUNDARIES 
, 
I 
I 
./ 
/ 
/ 
/ 
I , 
2.0 
FIG. 2. Wave propagation in an isotropic 
copper polycrystal plate, (a) dispersion 
curves; (b) slowness curves. 
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TABLE I. Elastic constants (in GPa). 
Case C,, C• C33 C23 Ci3 C12 C44 C55 C66 
AL 108.0 108.0 108.0 62.0 62.0 62.0 28.3 28.3 28.3 
ISO 200.7 200.7 200.7 106.1 106.1 106.1 47.3 47.3 47.3 
WA 200.0 197.1 198.3 108.8 105.9 107.1 50.1 47.1 48.3 
SA 182.1 167.7 174.9 126.2 111.8 119.1 92.1 53.5 67.6 
SB 210.3 231.3 170.0 111.0 132.0 70.7 58.2 109.4 24.2 
SC 284.3 228.7 245.3 111.6 56.1 72.6 44.7 28.5 32.9 
modes can also be subdivided according to their symmetry, 
and we will introduce the notation HSo, HS•,... for the sym- 
metric modes and HA •, HA:,... for the antisymmetric modes. 
In this convention, the index "0" is only used for a mode that 
propagates at all frequencies, i.e., has no cutoff frequency. 
Hence there is no mode designated HA o. 
The partial waves making up the guided mode solutions 
must satisfy the Christoffel equations, whose solutions are 
graphically illustrated by the slowness surfaces, shown in 
Fig. 2(b). For this case of isotropy, the slowness surfaces 
take the form of spheres (distorted into ellipses in the figure 
by the choice of different scales for the ordinate and abscis- 
sa) and are indicated by solid lines. Only two slowness 
curves are shown, since the behaviors of the $H and $Vpar- 
tial waves are identical in isotropic solids. In addition to the 
solid slowness urfaces, Fig. 2(b) includes a pair of dashed 
hyperbole. These represent the magnitude of the purely 
imaginary component of k 3 that is found when (co/k) < V, 
where V is the velocity of the corresponding wave type 
(compressional or shear). 
The importance of the partial wave solutions in deter- 
mining the behavior of the dispersion curves was first noted 
by Mindlin 7 and reviewed by Meeker and Meitzler 3 and 
Auld. 5 At this point, it is worth recalling afew simple aspects 
of those discussions. Consider the case in which co is fixed 
and k increases from zero. The value of k 3 will generally 
decrease from a finite real value to zero and will then in- 
crease with a purely imaginary value. This sequence corre- 
sponds to the partial plane wave propagating in a direction 
that rotates from the x3 axis to the x• axis, followed by the 
development of an inhomogeneous (evanescent) partial 
wave solution in which the fields decay exponentially along 
the x3 axis. As this change in character of the partial wave 
solution from propagating to inhomogeneous has important 
consequences on the dispersion curves, Fig. 2(a) and (b) 
has been divided into three regions. As the boundaries are 
defined by particular values of k/co, they appear as vertical 
lines on the slowness plots and as lines emanating from the 
origin with different slopes on the dispersion curves. 
In region 1, all partial waves are freely propagating. In 
region 2, the L waves become inhomogeneous with an expo- 
nential decay in the thickness direction. In region 3, both L 
and $ solutions are inhomogeneous. 
Four classes of special behavior, intimately related to 
the different wave propagation characteristics in these re- 
gions, are found for the isotropic media. These special beha- 
viors are discussed in the following paragraphs. The changes 
induced by anisotropy will then be the topic of the remainder 
of the paper. 
1. Three mode crossing points in region 1 
In region 1, a series of points are found at which three 
modes, a symmetric Lamb, an antisymmetric Lamb, and a 
horizontally polarized shear mode, mutually intersect. The 
reason for these triple crossings may be understood from a 
review of Lamb wave phenomena by Meeker and Meitzler, 3 
who made heavy use of an earlier analysis by Mindlin. 7 
While seeking analytical guidance for the construction of 
dispersion curves, Mindlin considered the behavior of longi- 
tudinal and vertically polarized shear partial waves under 
the assumption that they were not coupled at the stress-free 
surfaces. The result was a set of hyperbolic dispersion curves 
characterized by ordering parametersp (longitudinal) and q 
(shear). Mindlin observed that, if these hypothetical disper- 
sion curves crossed for bothp and q even or bothp and q odd, 
then the true dispersion curves would pass through the same 
point. It is a trivial extension to note that, since the disper- 
sion curves of SH modes are the same as those for uncoupled 
$V modes, three modes will cross at each intersection. 
2. Two mode crossings at region 1-2 boundary 
Along the boundary between regions 1 and 2, 
co/k = VL, the modes Sn and HSn always cross. The reason 
for this crossing is as follows. Consider first the S, mode. In 
general, it will be the sum of two partial longitudinal waves 
inclined at angles ñ sin- • 1 -- (k VL/co) 2 with respect to 
the mode propagation direction and two partial shear waves 
inclined at angles ñ sin- • 1 - (k Vs/co) 2. The relative 
amplitudes of these partial waves are determined by first 
forming a symmetric combination of the two sets of partial 
waves and then requiring that 0'33 = 0'13 = 0 at x3 = ___ b/2. 
When the $n mode crosses the boundary line co/k = V•, 
then the symmetric L solution is simply u• 
= exp [ i(cot- coxiVy)]. Since this has no associated 0'•3 
component of stress, the condition that 0'•3 =0 at 
x3 = ___ b/2 must be satisfied entirely by the symmetric 
combination of shear waves. Simple analysis hows that this 
leads to the condition sin (k3b/2) = 0, equivalent o the dis- 
persion curve for the HSn modes: hence, the crossing at the 
$n and HSn modes on the boundary line. 
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3. Mode tangency in region 2 
The decoupled L modes do not occur in region 2. Hence 
none of the three mode crossings is expected. However, it is 
found that the Lamb modes are tangent to the SH modes 
when they cross the line co/k = • Vs at the points k = (rr/ 
b)p, p= 1,2, .... The tangencies of the modes 
(Sn, HA n + •; n = 0,1,... ) are interleaved between the tan- 
gencies of the modes (An, HSn; n = 1,2,...). At these points, 
known as Lam• points, the partial mode decompositions of 
both the Lamb and $H modes reduce to a pair of shear waves 
propagating at q- 45 ø with respect o the plate normal. The 
displacements are, of course, orthogonal. In particular, the 
Lam• modes contain no longitudinal partial waves. At each 
intersection point, the modes exhibit the common group ve- 
locity Vs/,J•. 
4. Asymptotic limit in region 3 
Only two modes are found in region 3. The Ao mode lies 
in this region for all frequencies, while the So mode passes 
into this region. Because both partial waves are inhomogen- 
eous in region 3, the modes take the form of symmetric and 
antisymmetric combinations of solutions localized near the 
plate surface. The So and Ao mode dispersion curves do not 
cross each other. Instead, co/k asymptotically approaches 
the Rayleigh velocity, VR, for each. The displacement fields 
approach symmetric or antisymmetric combinations of 
Rayleigh waves on the two plate surfaces in this high-fre- 
quency limit. 
B. Anisotropic plates 
In order to better understand the effects of anisotropy 
on these and other features of guided wave propagation, we 
have computed the dispersion curves and corresponding 
slowness urfaces for a variety of materials and propagation 
directions. The materials chosen for study were modeled as 
copper polycrystals. The elastic constants used, as shown in 
Table I, were computed based on a procedure in which Hill's 
averaging scheme 21 is combined with an analytical represen- 
tation of the effect of preferred grain orientation (tex- 
ture).22'z3 The latter is parametrized by a set of orientation 
distribution coefficients (ODCs),Z4'25 whose values are giv- 
en in Table II. The ODCs were not selected because of the 
likelihood of finding these particular orientations in com- 
monly encountered materials, but rather to illustrate various 
interesting influences of anisotropy on plate wave behavior. 
Even more dramatic effects would be expected for such 
strongly anisotropic materials as fiber-reinforced compo- 
TABLE II. Orientation distribution coefficients. 
Case W4oo W4:o W44o 
WA 0.002 0.0015 0.001 
SA 0.025 0.01 0.015 
SB 0.031 -- 0.010 --0.018 
SC -- 0.020 0.010 -- 0.015 
sites. Here "ISO" refers to the previously discussed isotropic 
example, "WA" is an example with relatively weak anisotro- 
py, and "SA," "SB," and "SC" are three examples with rela- 
tively strong anisotropy. The case of"AL" corresponding to 
a single crystal of aluminum, rather than polycrystalline 
copper, was added to illustrate weak anisotropy with cubic 
symmetry. 
Table III lists the numerical examples and the associat- 
ed figures to be discussed in the following sections. In each 
figure, the dispersion curves shown in part (a) are accompa- 
nied by slowness curves in part (b). The latter provide im- 
portant information needed to interpret the former, as has 
already been seen for the isotropic case. 
L Propagation along a symmetry direction 
For propagation along a symmetry axis (0 = 0 ø or 90 ø in 
orthotropic plates; 0 = 0 ø, 45 ø, or 90 ø in cubic plates), the 
guided modes decouple in a fashion that is similar to the 
isotropic plate response. Again, Lamb mode solutions are 
polarized in the sagittal plane and $H mode solutions are 
polarized in the plane of the plate perpendicular to the prop- 
agation direction. Each of these can be subdivided into sym- 
metric and antisymmetric modes using the previously intro- 
duced notations. 
As can be seen from the slowness curves, shown in part 
(b) of each figure for propagation along a symmetry direc- 
tion (Figs. 3-11 ) the $H partial waves have a behavior thaf 
is quite similar to that found in the isotropic case, with the 
slowness urfaces becoming elllipses rather than circles. The 
slowness curve in the inhomogeneous wave region is again a 
hyperbola. The dispersion curves co(k) formed for the $H 
plate modes, obtained through the superposition of these $H 
partial waves, are also hyperbole, asymptotically approach- 
ing the velocity of a plane shear wave, x/C66/[2 for 0 = 0 ø or 
90 ø and x/(C• -- C•2)/2p for 0 = 45 ø in the AL case, as fre- 
quency increases. 
The other four partial waves do not generally have po- 
larizations that are purely parallel or purely perpendicular 
to the propagation direction. For modest degrees of anisot- 
ropy, they can be identified as quasilongitudinal (QL) or 
quasishear vertical (QSV) waves. We have found that the 
QL and QSV slowness curves can be divided into three 
classes of behavior that produce significantly different dis- 
persion curves. These behaviors are influenced by the follow- 
ing underlying analytic behavior. As noted in Sec. I A, solu- 
tion of the Christoffel equations leads to a cubic equation 
with real coefficients for k 32 . Along symmetry directions, the 
solution for k 3 is either purely real or purely imaginary for 
$H partial waves. After removing that response, k • for the 
QL and QSVpartial waves is governed by a quadratic equa- 
tion with real coefficients. It follows from the quadratic 
theorem that the solutions for k • must be both real or a 
complex conjugate pair. After evaluating the square root, k3 
can have a pair of real values (RR), a real and a purely 
imaginary value (RI), a pair of imaginary values (II), or a 
pair of complex conjugate values (CC). 
We have found that for a fixed to, the sequence through 
which the pair of roots passes as k increases falls in three 
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TABLE III. Numerical examples and associated figures. 
Fig. 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
Case ISO AL AL WA WA SA SB SB SC SC SC WA SA SA SB 
Dir. all 0 ø 45 ø 0 ø 90 ø 90 ø 0 ø 90 ø 0 ø 90 ø 60 ø 45 ø 30 ø 600 20 ø 
classes of response, and that each class of slowness response 
produces quite different dispersion curves. The class I re- 
sponse is a distortion of the isotropic ase (Figs. 10 and 11 ). 
As k increases, the solutions for k 3 pass through the se- 
quence RR-RI-II as first the QL and then the QSVsolutions 
become inhomogeneous. In class II response, the pair of 
imaginary solutions meet. The sequence then becomes RR- 
RI-II-CC (Figs. 3-6 and 9), with the imaginary portion of 
the complex pair of roots emanating from the II intersection 
and the real part growing from the abscissa in a fashion that 
has the qualitative appearance of a hyperbola. Class III re- 
sponses occur when the real part of the k 3 solution for the 
QSV partial wave is a multivalued function of k, as often 
occurs in strongly anisotropic media (Figs. 7 and 8). This 
forces the initial portion of the sequence to be RR-RI-RR, 
with the inhomogeneous extension of the QL partial wave 
slowness (purely imaginary) returning to the axis to merge 
with the QSVpartial wave slowness. Under such conditions, 
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we have found that the full sequence is RR-RI-RR-CC. In 
distinction to class II, the real portion of the complex conju- 
gate pair emanates for the turning point on the QTslowness, 
while the imaginary part grows from the abscissa in a fashion 
that again has the qualitative appearance of a hyperbola. 
The numerical examples illustrate the influence of each 
of these slowness responses on the guided mode dispersion 
curves. For each case studied, the slowness curves are divid- 
ed into regions according to the character of solutions for 
k3/(-O. When the corresponding behavior for the $H wave is 
excluded, one finds three distinct regions in class I, and four 
regions in class II and III responses. The boundaries 
between these regions are indicated on the dispersion curves 
by lines of the appropriate slope. Note that when $H waves 
are included in the slowness and dispersion curves, extra 
regions may appear, depending on the details of anisotropy. 
The total numbers of regions for the examples presented here 
are listed in Table IV. For orthotropic plates, there are gen- 
erally four regions in class I response and five regions in class 
II and III responses. Due to the smallness of the II region in 
Fig. 3, the boundary lines for this region become xtremely 
close on the figure. Also note that for propagation in symme- 
try directions, the boundary lines for the $H waves are al- 
ways identical to the H$ o mode dispersion curves. To avoid 
overlaying of the lines for the boundaries and H$o modes and 
display both of them clearly, we plotted the H$o modes for 
the range ofkb/•r = 1-5 and the boundary lines of SHwaves 
for the range of kb/•r = 5-6. 
In all cases, regions 1 and 2 have a similar character to 
that exhibited in isotropic media. However, examination of 
the dispersion curves show that the three mode crossing 
points in region 1, the two mode crossing points on the re- 
gion 1-2 boundary, and the mode tangencies inregion 2 no 
longer occur. This is not surprising since the analytical argu- 
ments that were previously presented supporting the exis- 
tence of these special points depended in detail on the iso- 
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FIG. 5. Wave propagation in weakly orthotro- 
pic copper polycrystal plate (case WA), propa- 
gation angle is 0 deg: (a) dispersion curves; (b) 
slowness curves. 
tropy of the material. As in the isotropic case, crossings of 
the Sn and An modes are generally not observed in region 2. 
As noted by Solie and Auld, 6 this would appear to be the 
anisotropic generalization of Mindlin's arguments. 7 If one 
wrote the anisotropic generalization of the dispersion curves 
for decoupled QL and QSV partial waves, it would be found 
that the crossings of the decoupled dispersion curves corre- 
spond to those of the Sn and An modes. However, all these 
must occur in region 1 where the QL partial waves are freely 
propagating. One exception associated with the multivalued 
regions of the QSV partial waves will be discussed later. In 
distinction to the tangency of the isotropic case, the SH 
modes generally cross the Lamb modes in region 2. 
Class I response is observed in both weakly and strongly 
anisotropic materials (Figs. 10 and 11 ). As in the isotropic 
case, there are no crossings of the Sn and An modes beyond 
region 1. The So and Ao modes asymptotically approach one 
1919 J. Acoust. Soc. Am., Vol. 87, No. 5, May 1990 
another in the high-frequency limit, each consisting of com- 
binations of surface wave solutions on the two plate surfaces. 
The velocity in this surface wave limit may be either greater 
(Fig. 11 ) or less (Fig. 10) than the lowest SH modes. The 
strong influence of the slowness curves is particularly notice- 
able in Fig. 10. Note the near-vertical segment of the QL 
slowness curve, which implies that partial waves will have 
group velocities nearly parallel to the x• axis and of magni- 
tude close to the reciprocal of the projected intercept of the 
slowness curve with the abscissa. 5 Recalling that the group 
velocity of a guided mode is given by Vg = dco/dk, the ten- 
dency of the Sn and A n modes to be tangent to the line divid- 
ing regions 1 and 2 is consistent with the notion that the 
Lamb mode group velocities are also close to this value. 
Class III response is only observed in some strongly an- 
isotropic materials (Figs. 7 and 8). The multivalued QSV 
slowness curves and associated complexities lead to dramat- 
Y. Li and R. B. Thompson: Dispersion of plate modes 1919 
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ic changes in the dispersion curves. In contrast o the class I
response, crossings between the S, and A, modes appear in 
many regions. Note in particular the behavior of the So and 
Ao modes, which cross one another at multiple points as k 
increases. As shown in Appendix C, these crossings all fall 
on a line passing through the origin and having a slope equal 
to the Rayleigh or pseudo-surface wave velocity. Further- 
more, they are equally spaced with the interval given in that 
appendix. This intertwining of the modes is a consequence of 
the complex conjugate relationship between the solutions for 
k 3. Intertwining of other modes is also observed. It qualita- 
tively appears that the degree of intertwining is related to the 
extent of the multivalued region of the QSV mode slowness. 
Solie and Auld 6 noted that intertwining of the So and Ao 
dispersion curves was related to the multivalued QSV slow- 
ness curve. We have found a second condition that produces 
this same consequence. The class II response corresponds to
the sequence RR-RI-II-CC (Figs. 3-6 and 9), which is 
generally found in materials with weak anisotropy but possi- 
bly with strong anisotropy (Fig. 9 ). Figure 9 is a special case 
that can be viewed as having the II region in class II or the 
second RR region in class III shrunk to zero. As in class I, 
but distinct from class III, crossings of the S, and the A, 
modes in class II generally do not occur beyond region 1. A 
qualitative examination of the printed figures might suggest 
that the So and the Ao modes asymptotically approach one 
another at high frequencies. However, examination of the 
numerical data, as well as the analysis presented in Appen- 
dix C, shows that they cross at equally spaced intervals in all 
the cases presented except Fig. 5. This exception is discussed 
below. 
These observations lead to a generalized interpretation 
of the So and Ao mode crossing phenomenon. Solie and Auld 
noted that multivalued QSVslowness curves produce cross- 
ing, as confirmed by our class III results. Observation of the 
same phenomena in class II suggests that a more general 
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cause is responsible. Examination of the analysis in Appen- 
dix C suggests that the controlling factor is the existence of a 
pair of complex conjugate roots for k 3 when k is equal to the 
Rayleigh wave vector. This is confirmed by referring to the 
above figures, on which the Rayleigh or pseudosurface wave 
vector has also been marked. With the exception of Fig. 5, 
the Rayleigh or pseudosurface wave vector falls in the CC 
region of the slowness for all members of Classes II and III; 
hence, the So and Ao mode crossings are expected. This inter- 
pretation is consistent with the alternate explanation of Solie 
and Auld in which the oscillatory behavior was associated 
with a finite real part of the transverse partial wave vector. 
A generalization of this observation appears to govern 
other mode crossings. It was reported above that extensive 
S, and A, mode crossings were found in class III. Compari- 
son of the dispersion and slowness regions reveals that these 
only occur in regions in which both the QL and QSV partial 
wave solutions for k 3 have real components (Figs. 7 and 8). 
In fact, all the figures presented support the generalization 
that S, and A, mode crossings are only found in regions in 
which both the QL and QSV slowness have real parts. This 
statement can be validated by analyzing Eq. ( 11 ) as follows. 
In order for S, and A, to cross, the following equation 
must be satisfied: 
tan2[•/R2 (,rr/2) ] = tan2 Ix/R3 (,rr/2)]. (12) 
In the RR region where both R 2 and R 3 are positive, the 
solutions to Eq. (12) are • + x•R 3 = 2n, where n is an 
integer; thus, there are infinitely many crossings in the RR 
region. In the RI region where either R2 or R 3 is negative 
(say R 2 <0); then tan [x/R2 (•r/2) ] = i tanh [•/IR21 (•r/2) ]. 
Substituting this expression into Eq. (12) leads to the con- 
clusion that no crossing can be found in the RI region. In the 
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II region where both R2 and R3 are negative, Eq. (12) can be 
rewritten as 
[tanh( Ix/•-•-•)- tanh( Ix/]•3 I- ) ] 
X [tanh( Ix/•I-•-)-I- tanh( Ix/•3 I-•) =0. 
Except the root R2 = R3, which is the boundary lines of the 
II and the CC regions, no meaningful solution exists for the 
above equation; hence, $ and A do not cross in the II region. 
The crossing phenomenon in the CC region, as mentioned 
before, is discussed in detail in Appendix C. 
In isotropic media and many cases of anisotropy, the 
Rayleigh velocity is less than the lowest $H velocity, which 
is approached by other modes. However, the Rayleigh veloc- 
ity can be greater than that of the slowest $H waves, in which 
case the Rayleigh waves are known as pseudo surface waves. 
1922 J. Acoust. Soc. Am., Vol. 87, No. 5, May 1990 
This phenomenon has been observed for both strongly and 
weakly anisotropic plates in all three classes (Figs. 4, 8, 9, 
and 11 ). 
Table IV summarizes the characteristics of the exam- 
ples discussed above. Included is a numerical evaluation of 
the first crossing, and hence separation of subsequent cross- 
ings of the So and Ao modes. 
2. Propagation in a general direction 
When considering propagation in a general direction, 
pure $H solutions do not generally exist. None of the partial 
waves has pure polarizations (parallel or perpendicular to 
the propagation direction), and all are coupled by the 
boundary conditions. If one imagines propagation at an an- 
gle slightly removed from a symmetry axis, the S, and HS, 
become coupled to form a set of symmetric modes, while the 
A, and HA, modes become coupled to form a set ofantisym- 
metric modes. When the anisotropy is small or propagation 
Y. Li and R. B. Thompson: Dispersion of plate modes 1922 
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is near a symmetry direction, the plate modes can be identi- 
fied as having quasi-SH or Lamb character. In other cases, 
this identification is often not possible. 
The slowness plots can again be characterized according 
to the sequence of roots, with strong implications on the 
form of dispersion curves. However, now the behavior of all 
three roots must be considered in the analysis. In class NI, 
the general form of the isotropic response is followed with 
the sequence RRR-RRI-RII-III. Here, the prefix N has 
been added to the previous classification to indicate propa- 
gation along a nonsymmetry direction. In one deviation, two 
of the imaginary segments will intercept, leading to class 
NII, which has region sequence RRR-RRI-RII-III-ICC. 
In another deviation (class NIII), multivalued slowness sur- 
faces enter. Numerous possible subsequences can occur, 
which will not be enumerated in detail. The numerical re- 
sults presented illustrate some, but not all, of the possible 
cases. 
The class NI response (Fig. 12) is again a variant of the 
isotropic behavior. However, there are now only two sets of 
modes: the symmetric S, modes can be thought of as the 
combination of quasi-S, and quasi-HS, modes, while the 
antisymmetric A, modes can be thought of as the combina- 
tion of quasi-A, and quasi-HA, modes. Along symmetry 
directions, the S, and HS, modes were decoupled (as were 
the A, and HA, ) and could cross. This is not so for propaga- 
tion in nonsymmetry directions, and a number of cases of 
mode repulsion is observed. Near these repulsions, a mode 
may change rapidly from quasi-Lamb to quasi-SH character 
or vice versa. The quasi-transverse slowness curves, which 
crossed at 0 ø, are now coupled and hence repel. Thus the 
partial wave polarization rapidly changes in this region. 
Class NII behavior is exhibited in Fig. 13 for the case of 
propagation at 45 ø in weakly anisotropic material WA. The 
response is essentially the same as that observed in Figs. 5 
and 6, with the addition of certain mode repulsions and rapid 
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changes in polarization as discussed above. The mode repul- 
sions in Fig. 13 are not obvious due to the weak anisotropy, 
but close examinations of numerical data unquestionably 
confirmed all the repulsions at all the seemingly crossing 
points for modes of same symmetry. 
A wide variety of phenomena can be observed in class 
NIII, as illustrated by Figs. 14-16. Figures 14 and 15 present 
results at 30 ø and 60 ø for strongly anisotropic material SA. 
These are characterized by a multivalued region of the inner 
quasi-transverse mode. Figure 14 shows a case where the 
surface wave velocity is about the same as that of the SH 
plane wave solution. In this case, the surface wave is SH type 
because the wave motion has a large $H component. When 
this occurs, a solution known as the quasisurface wave 
(Vess,), where the wave motion has a large component in 
the saggital plane, often exists in the RCC region. sA close 
examination of Fig. 14 (a) confirms this conclusion. Figure 
16 presents results at 20 ø in strongly anisotropic material SB. 
Here both inner and outer quasi-transverse curves are multi- 
valued. 
Because the coupling of the three partial waves in each 
plate mode makes it impossible to differentiate SH and 
Lamb modes, mode crossings may be found throughout he 
dispersion curves in the general propagation direction in any 
of these classes. As for propagation along symmetry direc- 
tions, special features depending on isotropy no longer exist. 
The surface wave solution is always found in a region in 
which all roots have an imaginary component. In class NI, 
the Ao and So modes asymptotically approach this limit. In 
the class NII response shown in Fig. 13, the surface wave 
solution fell in a region with purely imaging solutions for k 3 
and no mode crossing was observed. In class NIII response, 
mode crossings are observed as the surface wave limit is ap- 
proached, which is in a region with ICC roots. However, the 
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TABLE IV. Characteristics of examples for propagation in symmetry directions. 
Number of Region Surface 
Figure regions Class sequence a wave type 
So and A o First 
crossing crossing b 
2 3 I RR-RI-II R 
3 4 II RR-RI-II-CC R 
4 5 II RR-RI-II-CC PSW 
5 5 II RR-RI-II-CC R 
6 5 II RR-RI-II-CC R 
7 5 III RR-RI-RR-CC R 
8 5 III RR-RI-RR-CC PSW 
9 c 4 II RR-RI-CC PSW 
0 4 I RR-RI-II R 
1 4 I RR-RI-II PSW 
N oo 
Y 3.2745 
Y 4.4512 
N oo 
Y 5.9917 
Y 1.2493 
Y 1.2054 
Y 2.6450 
N oo 
N oo 
Excluding $H modes. 
bThe value of the dimensionless wave number bk/re at the first mode crossing point of the So and A o modes; i.e., x/g(Z) in Eq. (C6). 
Degenerate case. 
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interval between crossings is not equal, and crossings do not 
fall on a straight line. 
Because of these complexities, explicit formulae for sur- 
face wave velocity computations have not been obtained. 
However, the implicit analytic formulae given in Appendix 
B are still valid and the solution for the surface wave can be 
found in the ICC region. Although sometimes difficult to 
see, particularly for strong anisotropy, the surface wave ve- 
locity is still the asymptotic limit of the Ao and So modes. 
Table V lists the characteristics of the examples dis- 
cussed in this section. 
III. CONCLUSIONS , 
We have developed a set of dispersion equations for elas- 
tic wave propagation in a general monoclinic free plate. 
These equations are consistent with and, when the anistropy 
vanishes, reducible to the well-known Rayleigh-Lamb dis- 
persion equations. As a byproduct, we have also derived 
equations for the computation of the surface wave speed. 
Through some representative numerical examples having 
different degrees of anisotropy, we have demonstrated the 
deviation of dispersion behavior for general orthotropic free 
plates from the isotropic one. We have predicted that, for 
wave propagating in a symmetry direction, So and Ao will 
cross each other infinitely many times if the Rayleigh wave 
occurs in the all._complex_eigenvalue region. Furthermore, 
we have proved that, for wave propagating in a symmetry 
direction, when So and Ao cross each other, the crossing 
points are equally spaced, and the phase velocities of all 
crossing points are identical to that of the Rayleigh wave. 
Needless to say, the dispersion relations for anisotropic 
plates are significantly more complicated than those for iso- 
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TABLE V. Characteristics of examples for propagation in nonsymmetry directions. 
Number of Region Surface 
Figure regions Class sequence wave region 
12 4 NI 
13 5 Nil 
14 5 NIII 
15 5 NIII 
16 7 NIII 
RRR-RRI-RII-III 
RRR-RRI-RII-III-ICC 
RRR-RRI-RRR-RCC-ICC 
RRR-RRI-RRR-RCC-ICC 
RRR-RRI-RRR-RCC-RRR-RCC-ICC 
III 
III 
ICC 
ICC 
ICC 
tropic plates. Further study is inevitable to fully compre- 
hend the nature of the wave propagation. 
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APPENDIX A: DERIVATION OF DISPERSION 
EQUATIONS 
For a material of monoclinic symmetry with the sym- 
metry plane parallel to x l-X2 plane (see Fig. 1 ), there are in 
general 13 nonzero elastic constants in the elastic tensor. 26 If 
we make the following definitions: 
all = Cll cOS2 a -[- 2C•6 sin a cos a + C66 sin 2 a, 
a22 = C66 COS 2 a q- 2C26 sin a cos a + C22 sin 2 a, 
a33 = C55 COS 2 a q- 2C45 sin a cos a + C44 sin 2 a, 
a23 = ( C44 q- C23 )sin a + (C45 + C36) cos a, 
al3 = (C45 q- C36)sin a + (C13 q- C55)c0s a, 
a12 = C16 cos 2a q- (C12 q- C66)sin a cos a 
(A1) 
q- C26 sin 2 a, 
K = k W = pco2 
•666' K3 = k3 , 
where k is the wavenumber in the propagation direction and 
a is the angle of propagation with respect to X l direction, 
then the elements of Christoffel matrix in Eqs. (3) can be 
expressed as 
A• = (a•lK q- C55K3 -- C66W)(•/b) 2, 
/123 = a23x/gg 3(It/b) 2, 
.422: (a22K q- C44K3 -- C66W) (It/b) 2, 
(A2) 
-413: a•3x/KK3 (It/b) 2, 
.433: (a33K q- C33K3 -- C66W) (•/b) 2, 
Ai2 = (a12K q- C45K3) (•/b) 2. 
By setting the determinant of the Christoffel matrix to zero, 
we have an equation of cubic form for K3 in terms of K and W 
that can be easily solved. By defining the roots for K3 as 
(K3) i = R i, the eigenvector (or displacement vector) for 
each partial wave can be obtained through the first two equa- 
tions of Eqs. (3) as 
In 1] • • gRr Nx(Rr )1• tl 2 = X/ gRr N. v ( Rr ) , rt3 p,p+l (Rr) 
1, forp= 1 r= 2, forp 3, 3, orp 5 
where 
p = 1,3,5; 
(A3) 
Nx (R) = (a12K q- C45R)a23 
-- (a22 K q- C44R -- C66W)a13 ,
Ny (R) = (a12K .4- C45R)a13 
-- (all g q- C55R -- C66W)a23, 
N• (R) = (allK + C55R - C66 W) 
X (a22K + C44R -- C66 W) 
-- (al2K + C45R) 2, 
(A3') 
and the first and second subscripts on the left side of Eqs. 
(A3) correspond to, respectively, the upper and lower signs 
on the right side of the equations. 
The stress field, based on Hooke's law, ai• = Cijkt u k, t, 
can be obtained as 
+ ( C45 sin a + C55 cos a) Nz (R), 
G2(R) = C45RNx ( R ) + C44RNy ( R ) 
q- ( C44 sin a + C45 cos a) Nz (R), 
G3(R) = K(C13cos a q- C36 sin a)N•, (R) 
+ K(C23 sin a + C36 cos a)Ny (R) 
(A4) 
and 
(A4') 
+ C33Nz (R). 
The relation between r andp is the same as that in Eqs. (A3). 
The total stress field is then (o-i3)total: •6 = 1 (O'i3)p' 
By imposing the stress-free boundary conditions [Eq. 
(4) ] and separating the symmetric and antisymmetric solu- 
tions, we have, for antisymmetric solutions, 
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C 2 3 ] 
Cl 4K G,(R,) G C, ! 
x/RiG3(R1) S1 RG3(Ra) Sa /R3G3(R3) S3J 
X U: =0, (A5) 
where $i and Ci are defined in Sec. I A. Symmetric solutions 
can be obtained by making Ci•-•S• substitutions to Eqs. 
(A5). For nontrivial solutions, the determinant of the coeffi- 
cient matrix must vanish. This leads to Eqs. (6) and (7), 
which can be more concisely expressed as Eqs. (5) with the 
definition of P as 
P(X,Y,Z) = • G3(X) [Gi( Y)G2(Z) -- Gi(Z) G2(Y)]. 
(A6) 
If the plate material possesses another symmetry plane 
that is perpendicular to the plate surfaces, then when wave 
propagates in a direction parallel to this plane, $H waves are 
decoupled from L and $Vwaves, which means the displace- 
ment vectors due to $H waves are perpendicular to those of 
L and $Vwaves. If the added symmetry plane is aligned with 
Xl-X3 plane, then significant simplifications can be made on 
the dispersion equations. In such a case, 
C16 = C26 = C36 = C45 = 0 and Eqs. (A2) become 
O•11 = C11, 0•22 = C66 , 0•33 = C55 , o•13 •- C13 -{- C15, 
O•12 = O•23 = 0, and the roots for K3 can be solved explicitly 
as 
(g3) 1 = R 1 = -- (C66/C44)(K- IV) (Smwaves) 
(A7) 
and ' 
(K3)2, 3= R2, 3 = ( -- b -•- 4b 2 _ 4ac )/2a 
(L and SV waves), (AS) 
where 
a = C3305s, 
O = (C13C33 -- 2C13C55 -- C •3 )K 
-- C66(C33 -Jr- C55) W, (A8') 
½ = C11CssK 2 -- (011 d- C55)C66KWq- C•6 W 2. 
For isotropic media, Eqs. (A8) gives R2, 3 
= -- K q- [044/(011, C44)] W. 
From the boundary conditions for SH waves, we can 
readily get the dispersion equations for the SH waves as (for 
both antisymmetric and symmetric modes)' 
sin(rrx/R1) = 0 or W = K + (C44/C66)1l 2 
( n integer). (A9) 
For quasi-L and quasi-SVwaves, on the other hand, the 
eigenvectors can be obtained from the first equation of Eqs. 
(3). After applying boundary conditions try3 = tr33 = 0 at 
x3 = +__ b/2 and separating symmetric and antisymmetric 
solutions, the dispersion equations become Eqs. (8) with 
1930 J. Acoust. Soc. Am., Vol. 87, No. 5, May 1990 
Q(X,Y) = x/•-(A1X q- A2) (B 1Y-- B2), 
A 1 = 033055 , 
A 2 = K[011033 -- 013 (C13 q- 055)] -- 033066•V• 
B1 = C13, B2 = C66W-- C11K. 
(A10) 
One can also use the third equation of Eqs. (3) to get the 
eigenvectors. The resulting dispersion relations, given by 
Markus et al., 1ø are equivalent but in different form. 
APPENDIX B: SURFACE WAVE SPEED 
DETERMINATION 
1. Wave propagates in an arbitrary direction of a 
monoclinic material 
In Order to have a surface wave, the R• must be either 
negative (so the square roots are pure imaginary) or com- 
plex numbers; this ensures that the superposition of partial 
waves has the property of "exponential decay." There are 
two cases: (i) R1, R2, and a 3 are all negative; and (ii) R1 is 
negative and R2 = R • are complex conjugates. 
For case (i), as b-• •, (tan [ 4Rr (•r/2) ] } _+1 & q- i, so, 
we have from Eqs. (5): 
P1 + P2 + P3 =0. (B1) 
For case (ii), b-• m, {tan [ •/R 1 (•r/2) ] } + 1__, q_ i and if 
R 2 = a + id, R3 = a -- id (d > 0), then 
{tan[•/R2(•r/2)]}+'--. 4- i and {tan[•/R3(•r/2)]}-+l 
• -T i thus, Eqs. (5) become 
P1 + P• -- P3 = 0. (B2) 
Although Eqs. (B 1 ) and (B2) are functions of K and W, the 
surface wave velocity can be obtained by solving for the ratio 
W/K; thenp V•w, with Vsw being the surface wave velocity, 
equals C66 W/K. 
2. Wave propagates in principal direction (say Xl 
direction) 
Similar to the situation described in subsection 1, we 
have two cases: (i) R2 and a 3 are all negative; and (ii) 
R2 = R • are complex conjugates. Equations (8) become 
Q• +Q2= 0 ( - for case •) (B3) - + or ase ' 
Equations (B3) can be further simplified to 
A3 Z3 q- A2 Z2 q- A1Z q- A 0 = 0 (for both cases) (B4) 
where 
Z•-pV•, a•- 011033- 0:•3 , A 0 -• 055/2, 
A,= - B(20330ss + B), 
A2 = C33[Css(033 - Cll) + 2B], 
and 
A 3 = C33 (C55 -- C33 ). 
Equation (B4) reduces to the well-known Rayleigh 
wave equation for isotropic media. 
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APPENDIX C. MULTIPLE CROSSINGS OF So AND Ao 
MODES FOR WAVE PROPAGATION IN SYMMETRY 
DIRECTIONS 
When Rayleigh waves occur in the region R 2 = R * 3,So 
and Ao modes are found crossing each other with the cross- 
ing points equally spaced. This can be shown analytically. 
The region boundary line of the R 2 = R •' region is dic- 
tated by b 2 _ 4ac = 0 in Eqs. (A8'). The vanishing of this 
discriminant gives another quadratic equation for Zo = p V2, 
alZg -Jr- blZo -Jr- C1 = O, (C1) 
where 
al = (G3 -- C55) 2, 
bl = 2{2G5[C33(C• + %5) + C13(G5 -[- C33)] 
-[- (G5 -[- G3)(C•3 -- CllG3)), 
c, = ( C 2• 3- CllC33) [ 4C55 ( C13 + C55) + C •3 - CllC33 ].
Thus, if Zo > Z, where Z is calculable from Eq. (B4), then 
the Rayleigh wave will occur in the complex region 
R2=R•'. 
When So and A o cross, the crossing points must satisfy 
both dispersion equations, i.e., 
1 
Q1 tan [x/• (rr/2) ] -- Q2 tan [x/R2 (rr/2) ] = 0, (C2) 
and 
Q1 tan[x/R2(rr/2) ] -Q2tan[x/R3(rr/2)] =0. (C3) 
Since in the region R2 R* tan[x/R2(rr/2)] 
= -- tan [ x/R 3 (•r/2) ], both of the above dispersion equa- 
tions become Q• + Q2 = 0. This is identical to Eqs. (B3) 
case (ii), the Rayleigh wave speed computation equation. 
Thus the Ao and So crossing points fall on the Rayleigh wave 
line. 
Furthermore, the solution to tan [x/R 2 (rr/2) ] 
= - tan [x•3] (r r/2) ] can be found as 
x/-•22 -3- x/R 3 = 2n, 
where n is an integer. This can be simplified to 
(C4) 
4xf4• - b = 4an 2, ( C5 ) 
where a, b, and c are defined in Eq. (A8'). 
Since we know at the crossing points the velocity is the 
Rayleigh wave velocity, Eq. (C5) can be rewritten as (recall 
C66 W /K = to V • = g) ' 
K = g(Z) I/2 or k = n (rr/b)x/g(Z), n = 1,2,..., 
(C6) 
where 
g(Z) = 4C33C55 
x/4C33C55 (Cll -- Z) (G5 -- Z) -- [ (CllG3 - 2C13C55 -- C •3 ) -- (G3 -lt- G5) Z ] 
For a particular material, g(Z) is a constant; therefore, the 
crossings on dispersion curve plot will be equally spaced. 
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